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Abstract
We generalize the duality between self-dual and Maxwell-Chern-Simons theories for the case of a CPT-
even Lorentz-breaking extension of these theories. The duality is shown with use of the gauge embedding
procedure, both in free and coupled cases, and with the master action approach. The physical spectra of
both Lorentz-breaking theories are studied. The massive poles are shown to coincide and to respect the
requirements for unitarity and causality at tree level. The extra massless poles which are present in the
dualized model are shown to be nondynamical.
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I. INTRODUCTION
Lorentz-breaking theories have attracted great attention in the last two decades (for a general
review on this issue, see [1] and references therein). The most generic Lorentz-breaking extension
of the free 4-dimensional gauge vector field theory discussed in [1] looks like
Lvect = −1
4
FmnF
mn − 1
4
(kF )mnpqF
mnF pq +
1
2
(kAF )
mǫmnpqA
nF pq − (kA)mAm. (1)
If we reduce our study to 3-dimensional space-time, we should replace the Carroll-Field-Jackiw
(CFJ) term, (kAF )
mǫmnpqA
nF pq, with the Chern-Simons one, mǫnpqA
nF pq. Also, we can disregard
the linear term, (kA)mA
m, since it does not propagate and yields a trivial contribution at the
quantum level. So, we rest with
Lvect = −1
4
FmnF
mn − 1
4
(kF )mnpqF
mnF pq +
1
2
mǫnpqA
nF pq. (2)
Just this theory will be obtained in this paper through the CPT-even Lorentz-breaking extension
of the self-dual theory, whose lagrangian density is given by
LSD = m
2
2
Am(ηmn + κmn)A
n +
1
2
mǫnpqA
nF pq, (3)
in which κmn is a constant symmetric tensor. We note that an analogous study for the CPT-odd
Lorentz-breaking extension of the self-dual theory has been carried out in [2].
The concept of duality between two different models in field theory is very interesting and useful,
allowing for mutual mapping of theories possessing essentially different actions, since there are
some important features which are manifest in one model but are hidden in the other one. Besides
of this, the duality allows to map the weak-coupled theory to the strong-coupled one because
of the implementation of the relation between electric and magnetic couplings. Duality was first
established in three space-time dimensions in the paradigmatic example of the dual correspondence
between the free self-dual and Maxwell-Chern-Simons theories [3, 4] and has been discussed as a
generic feature of a wide class of field theory models in [3].
Since then, different methods have been elaborated to establish and study the duality in many
cases (see [5] for a nice review). One powerful approach to determine the physical equivalence
between two theories is the master action method [6], whose essence consists in determining an
action involving two vector fields. The two models can be obtained from the master action by
using the equations of motion of the fields in the original action. On the other hand, the gauge
embedding method [7] is based on the transformation of the self-dual model in a gauge theory by
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adding on mass shell vanishing terms. This approach, accomplished by an iterative embedding of
Noether counterterms, is based on the idea of a local lifting of a global symmetry and is reminiscent
to the papers by Freedman and van Nieuwenhuizen [8] and subsequent works by Ferrara, Freedman
and van Nieuwenhuizen [9] and Ferrara and Scherk [10], which were important for the construction
of component-field supergravity actions.
These methods have been shown to be efficient tools for studying different field theory models,
allowing, in particular, to find new couplings for vector fields. As a good example, the self-dual
theory minimally coupled to the spinor matter has been shown to generate, through gauge embed-
ding, the magnetic (nonminimal) and the Thirring-like current-current couplings [7]. Further, the
duality has been established between nonlinear generalizations of self-dual and Maxwell-Chern-
Simons theories (the last one yields a Born-Infeld-Chern-Simons theory) [11], higher-rank tensor
generalizations of these theories [12] and their higher-derivative extensions [13]. Noncommutative
extensions of the duality have been discussed in [14].
Several papers have been dedicated to the extension of duality to Lorentz-breaking models in
recent years. The duality methodology has been applied to CPT-odd Lorentz-breaking models, like
in the extension of the 3D self-dual theory [2] and in its promotion to four-dimensional space-time
[15], [16]. The Standard Model Extension (SME) [17]-[20], which provides a description of Lorentz
and CPT violation in Quantum Field Theories, also includes CPT-even terms. These CPT-even
relativity-breaking models have been the focus of intense investigation recently and many issues
related to classical solutions in these theories have been discussed (a very incomplete list is given in
[21, 22]). However, the dualization of CPT-even Lorentz-violating models has not been given much
attention. Recently, the dual embedding of a four-dimensional Proca-like theory with a CPT-even
Lorentz-breaking mass term was carried out [23]. The resulting theory was shown to involve very
interesting higher derivatives terms.
We are particularly interested in the investigation of 3D dual CPT-even Lorentz-breaking mod-
els. First of all, the study of 3D models is very instigating. Planar physics (in 2 + 1 dimensions)
presents many interesting surprises, both experimentally and theoretically, since the behavior of
fermion and gauge fields differs from what we are used to in classical and quantum electrodynam-
ics. For example, Chern-Simons theories are interesting both for their theoretical novelty, and for
their practical application in planar condensed matter phenomena, such as the fractional quantum
Hall effect (see, for example, [24]). Particularly in 2 + 1 dimensions, Lorentz-violating models find
a branch of applications. It is surprising that a CPT-odd Lorentz-breaking effective Lagrangian
emerges from a full microscopic model for Weyl semi-metals [25]. Another good example is the
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one of a 3D relativity-breaking model with four-fermion interactions [26]. It is shown that its
low-energy limit encompasses a branch of sub-models which resemble those used in the study of
graphene.
In this paper, we construct a CPT-even Lorentz-breaking generalization of the famous 3D
duality between self-dual and Maxwell-Chern-Simons theories of [4]. For this, we employ the gauge
embedding method and, further, we check the duality through different methods, both in free and
coupled cases.
The paper is organized as follows: section II is dedicated to the presentation of the self-dual (SD)
model, the determination of the corresponding dual Maxwell-Chern-Simons-like (MCS) theory by
means of the gauge embedding technique and the confirmation of duality through the analysis of
the equations of motion; section III is devoted to the confirmation of this duality with the use
of the master action formalism; in section IV, we study the physical consistency of both models
through the analysis of their spectra, obtained from the propagators. The physical equivalence of
the models is also shown from the physical spectra viewpoint; the concluding remarks are presented
in section V. Some technical details are left for the appendix in section VI.
II. GAUGE EMBEDDING
Let us consider the following generalization of the 3D self-dual model [4],
L = −m
2
εanbfa∂nfb +
1
2
m2fahabf
b + faj
a, (4)
where we added an interaction term (the current ja can be, for example, the spinorial one, j
a =
ψ¯γaψ) and hab is a tensor which includes Lorentz-violating terms. An interesting question which
emerges is whether it is possible to obtain, from the model of eq. (4), a gauge invariant physical
equivalent theory. We proceed to the gauge embedding of our model. The method consists in
a two-step Noether embedding of the gauge symmetry δfa = ∂aη of L without the mass term.
For this, it is used an auxiliary field Ba, such that δBa = δfa = ∂aη, in order to restore gauge
symmetry. Let us then calculate the first variation of our Lagrangian density,
δL[fa] =
{
−mεabc∂bfc +m2habfb + ja
}
δfa, (5)
in which we recognize the Noether current as
Ka = −mεabc∂bfc +m2habfb + ja. (6)
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The first iterated Lagrangian is constructed by introducing the auxiliary field B,
L(1) = L − KaBa, (7)
with δBa = δfa = ∂aη, so that we get
δL(1) = −(δ Ka)Ba. (8)
Using
δKa = m2habδfb, (9)
we have
δL(1) = −m2Bahabδfb. (10)
The second iterated Lagrangian is defined by
L(2) = L(1) + m
2
2
BahabB
b, (11)
so that if we use the variation of Ba and (10), we get that the total variation vanishes, δL(2) = 0.
Let us write down the explicit form of this action,
L(2) = −1
2
mεabcfa∂bfc +
m2
2
fahabf
b + faj
a
−KaBa + m
2
2
BahabB
b. (12)
After carrying out the variation of this action with respect to Ba, we get the equation of motion,
Ka −m2habBb = 0, (13)
which plugged back into (12), will give us the gauge invariant Maxwell-Chern-Simons-like action,
LMCS = m
2
F aAa − 1
2
F a(h−1)adF
d − 1
2m2
Ga(h−1)adG
d +
1
m
F a(h−1)adG
d, (14)
in which we renamed the field f as A and the current j as G and used F a = εabc∂bAc.
In this paper we will concentrate on the specific case where the Lorentz-violating tensor is given
by had = ηad − βbabd, where ba is a Lorentz-breaking constant background field which selects a
preferred direction in the 3D space-time and β is a dimensionless parameter. So, we have
(h−1)ad = ηad + αbabd, (15)
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with α = β/(1− βb2). The MCS-like Lagrangian density is then given by
LMCS = −1
4
FabF
ab +
m
2
εabcAa∂bAc − α
8
(
εabcb
aF bc
)2
− 1
2m2
Ga(h−1)adG
d +
1
m
F a(h−1)adG
d. (16)
It is interesting to note that the quadratic term in the Levi-Civita symbol, which emerged from
the gauge embedding procedure, is nothing but a linear combination of a Maxwell term and the
aether term of [27], [22]:
(
ǫabcb
aF bc
)2
= 2b2FabF
ab − 4baF acbbFbc. (17)
Besides, we note that this Lagrangian density involves a Thirring-like current-current interaction
and a magnetic coupling, just like in the Lorentz-invariant case [7].
The next step towards the checking of the physical equivalence of the models is the analysis of
the field equations. After some simple algebraic manipulations, the equations of motion for the
self-dual and MCS fields, respectively, will look like
mfk − εnlm(h−1)kn∂lfm = − 1
m
jn(h−1)kn (18)
and
mFn − εman(h−1)ab∂mF b = − 1
m
εlmn(h−1)md∂lG
d, (19)
or, in terms of the fields fn and F˜p = F
b(h−1)bp,
[
mhbn − εbmn∂m
]
fn = − 1
m
jb (20)
and
[
mhbn − εbmn∂m
]
F˜n = − 1
m
εabc(h−1)cd∂aG
d. (21)
We see that the fields fn and F˜n satisfy similar equations. The mapping of currents j
b →
εabc(h−1)cd∂aG
d confirms the duality between our extended SD and MCS theories. It is clear
that in the Lorentz-invariant case, for which hbk = ηbk, the known result from [7] is reproduced.
III. MASTER ACTION APPROACH
It is interesting to establish the duality discussed in the last section in the framework of a master
action. We would like to show that there is a consistent master action which generates the two
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actions studied in the gauge embedding approach. Indeed, let us consider the following Lagrangian
density describing the dynamics of two vector fields, fa and Aa, and verify that it originates the
free parts of the two dual models of the previous section,
LM = m
2
2
fahabf
b +mfaǫ
abc∂bAc +
m
2
ǫabcAa∂bAc +
ρ
2
(∂ ·A)2, (22)
in which the last part represents a gauge-fixing term. First, let us write down the equation of
motion for fa, which will be given by
fa = − 1
m
(h−1) na ǫnbc∂
bAc ≡ − 1
m
(h−1)anF
n. (23)
With the use of the above equation we can eliminate the field fa from the action (22) and get
LA = −1
2
F a(h−1)abF
b +
m
2
F aAa +
ρ
2
(∂ · A)2, (24)
which is nothing but the free Lagrangian density (14) with the gauge-fixing term.
The same procedure follows for the field Aa, for which the equation of motion reads
−mεabc∂bfa −mεabc∂bAa − ρ∂c(∂ · A) = 0, (25)
so that
Aa = m(∆
−1)acǫ
mbc∂bfm, (26)
with
∆ac = mǫabc∂b − ρ∂a∂c. (27)
Inverting ∆ac,
(∆−1)ac = −∂a∂c
ρ2
− 1
m
ǫacd∂
d, (28)
and substituting this expression in (26), one finds
Aa = −fa + ∂a

(∂ · f), (29)
which fixes ∂ ·A = 0. After the elimination of Aa from (22), we get
Lf = m
2
2
fahabf
b − m
2
faǫ
abc∂bfc, (30)
which is the self-dual lagrangian density (4). We thus have shown that (22) is a master action
(under integration) for our Lorentz-violating self-dual and Maxwell-Chern-Simons models.
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IV. PROPAGATORS AND STRUCTURE OF THE POLES
In the previous sections we have established the duality between the Lorentz-violating self-dual
(SD) and Maxwell-Chern-Simons (MCS) models. First we obtained the MCS model by means of
the gauge embedding procedure and then compared the two equations of motion, finding a mapping
between the two vector fields fa and Aa. In the sequence we have shown that there exists a master
action which generates the two models. However, it is necessary a further investigation. It was
observed in [15] and shown in [28] that, although dual models share the same physical spectrum, the
gauge invariant model obtained trough gauge embedding (also called Noether Dualization Method)
exhibits new nonphysical poles. In this section we will study the propagators and show that the
two models share the same physical spectrum and, besides, that the new poles which appear in
the MCS model have no dynamics. It is known that Lorentz-violating models could have problems
with stability and unitarity, as it was shown in the detailed discussion of [30]. So, we also carry
out in this section a study of the conditions under which these physical properties are preserved.
In the analysis below, we will consider only the quadratic part of the Lagrangian densities,
which, under partial integration, are written in the form
L = 1
2
uaOabub, (31)
where ua represents the corresponding vector field. The propagator is given by i
(O−1)
ab
. We will
perform the calculations with the use of the following set of spin operators:
θab = ηab − ∂a∂b

, ωab =
∂a∂b

, Sab = εabc∂
c, Λab = babb,
Σab = ba∂b, Aab = Σ˜abb, Bab = Σ˜a∂b, (32)
where Σ˜a = εabcΣ
bc (λ stands for Σa
a = ba∂
a), whose algebra is presented in the appendix.
A. Self-dual model
The quadratic part of the Lagrangian density of the self-dual model is given by
Lf = 1
2
faKabf
b, (33)
with
Kab = m
2θab +m
2ωab +mSab − βm2Λab. (34)
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The inverse of this wave operator is obtained with the use of the algebra of table 1 of the appendix
and is given by
(K−1)ab ≡ Gab = 1
R+m2
{
θab +
1
m2
(
R+m2 + αλ2
)
ωab − 1
m
Sab + αΛab − α
m
(Aab −Aba)
}
,
(35)
where
R =
(
1 + αb2
) (
− βλ2) , (36)
From the above propagator, we obtain the dispersion relation for our self-dual theory, which looks
like
− E2 + p2 +m2 − α [b2(E2 − p2)− (b0E − b · p)2] = 0. (37)
We are now in position to study this dispersion relation and the physical spectrum of the model.
We are interested in two situations for the background vector bµ, namely the cases in which it is
spacelike or timelike.
1. ba spacelike
We use a representative background vector given by bm = (0, 0, t). In this case, we have
b · p = tp2 and b2 = −t2, (38)
and the dispersion relation yields
E2 − p2 − (1 + βt2)(m2 + αt2p22) = 0. (39)
It is interesting to check under which conditions this model, with bm spacelike, could yield a
spacelike momentum pm. First, let us right
E2 − p2 = (1 + βt2)
(
m2 +
βt2
1 + βt2
p22
)
. (40)
It is easy to see that if β > 0, there is no possibility of pµ being spacelike. On the other hand, if
we set β = −1, we have
E2 − p2 = (1− t2)m2 − t2p22, (41)
which will give us a spacelike momentum only in the case
t2 >
m2
m2 + p22
. (42)
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We then conclude the model is stable (that is, unitary) for a little deviation from Lorentz symmetry,
that is, in a concordant frame [30].
Concerning the microcausality, we will have supraluminal modes if |∂E/∂pm| > 1. For our
spacelike bm, we have
∂E
∂pi
=
pi + β(b · p)bi
E
. (43)
For a extreme situation, in which p and b are parallel, we have
∂E
∂pi
= (1 + βt2)
pi
E
(44)
We observe that the satisfaction of microcausality depends on the magnitude of the Lorentz-
breaking parameter, on the sign of β and on the stability of the model.
Our present task consists in checking the features of the pole of the propagator for ba spacelike.
In order to investigate the physical nature of the simple pole, we need to calculate the eigenvalues of
the residue matrix of the propagator for this pole. In this analysis, we are interested in checking the
degrees of freedom of this mode and if it respects physical requests such as unitarity and causality.
For the choice we have made for bm, the pole of the propagator is given by
m21 = p
2
1 + (1 + βt
2)
(
m2 + p22
)
(45)
and the residue matrix reads
R =


(1+βt2)p2
2
+p2
1
m2
m1p1−i(1+βt2)p2m
m2
m1p2+ip1m
m2
m1p1+i(1+βt2)p2m
m2
m2
1
−(1+βt2)p2
2
m2
p1p2+im1m
m2
m1p2−ip1m
m2
p1p2−im1m
m2
m2+p2
2
m2

 , (46)
with eigenvalues
λ1 = 0, (47)
λ2 = 0, (48)
λ3 =
1
m2
(
m2 +m21 + p
2
)
. (49)
As it can be seen, for β > 0 we have one positive eigenvalue. For β = −1, if
t2 < 2
m2 + p2
m2 + p22
, (50)
we have λ3 > 0 and this pole is to be associated with one physical degree of freedom.
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2. ba timelike
For ba timelike, we use a representative background vector given by b
m = (t, 0, 0), which will
give us
b · p = tp0 and b2 = t2, (51)
and the dispersion relation,
E2 − (1 + αt2)p2 −m2 = 0. (52)
Since now we have α = β1−βt2 , we will have a spacelike momentum for β < 0 if
t2 >
m2
m2 − p2 , (53)
with β = −1, for example. If β > 0, we have problems with stability when
1 < t2 <
m2
m2 − p2 , (54)
where we have set β = 1. In this case, the expression only make sense when m2 > p2. It is clear,
however, that the model is stable for a tiny Lorentz-breaking (t2 << 1), regardless the sign of β.
Considering the microcausality analysis, we obtain
∂E
∂pi
= (1 + αt2)
pi
E
, (55)
which is similar to the one written for bm spacelike.
The propagator will yield the pole
m′21 = (1 + αt
2)p2 +m2, (56)
for which the residue matrix will have only one nonnull eigenvalue, given by
λ3 = 1 +
m′21 + (1 + αt
2)2p2
m2
. (57)
If β < 0, we have λ3 > 0. On the other hand, if, for example, β = 1, and we write m
2 = κp2, we
will have a positive eigenvalue for
t2 > 1 +
1 +
√
1− 8κ
4κ
or t2 < 1− 1−
√
1− 8κ
4κ
, (58)
It is important to note that, if m2 > p2/8, the nonnull eigenvalue is positive, complying with
unitarity. The positivity of λ3 can be preserved for all values of t
2, except t2 = 3, depending on the
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value of κ (or, more specifically, the relation between m2 and p2). For t2 < 2, λ3 is always positive.
We see that at tree level the model predicts a mode which complies with unitarity (positive norm
particle) and causality (positive pole) for both spacelike and timelike ba, as long as some conditions
are imposed in the magnitude of the Lorentz-violating parameter. Specifically, for a little deviation
from Lorentz symmetry, which is realized by t2 << 1, these physical properties are preserved.
B. Maxwell-Chern-Simons model
We now consider the quadratic part of the Lagrangian density of the MCS-like Lorentz-violating
model. One can fix the gauge by adding the rescaled usual gauge-fixing term −12(1 + αb2)(∂ ·A)2.
Afterwards, one gets after partial integrations,
LA = 1
2
Aa∆acA
c, (59)
with
∆ab = Rθab +Rωab −mSab − αΛab + αλ (Σab +Σba) . (60)
The propagator is obtained with the inversion of this wave operator. With the help of the algebra
of table 1 of the appendix, we get
(∆−1)ab ≡ G˜ab = 1
R+m2
{
θab +
1

[(
1− βb2) (R+m2) + αλ2]ωab + m
R
Sab + αΛab
−αλ

(Σab +Σba) +
αm
R
(Aab −Aba)− αmλ
R
(Bab −Bba)
}
, (61)
Before carrying out the same analysis which was performed for the self-dual model, with the study
of the residues at the poles, let us remark that we have now, besides the pole m21 found in the
self-dual model, two more poles which appear in some sectors of the propagator, due to the factors
R and  in the denominator. Let us argue that these poles are actually non-dynamical. If we
saturate the propagator with conserved currents,
SP ≡ JaiG˜abJb, (62)
such that ∂aJ
a = 0 (or paJ
a = 0 in momentum space), we will have JaωabJ
b = 0, Ja(Σab+Σba)J
b =
0 and Ja(Bab −Bba)Jb = 0, so that we rest with
SP = iJa 1
R+m2
{
θab +
m
R
Sab + αΛab +
αm
R
(Aab −Aba)
}
Jb. (63)
We remain with the terms involving Sab and Aab − Aba, proportional to 1R . However, they can
be treated as analogues of the terms involving massless poles for the usual Maxwell-Chern-Simons
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theory. Indeed, in the Lorentz-invariant limit ba = 0, the usual Maxwell-Chern-Simons propagator
is recovered. Those terms with massless poles are well known to yield no physical dynamics [29].
In three-dimensional gauge theories, there is only one degree of freedom and, at the same time,
it was noted in [2] (see also the references therein) that in dual theories only physical dispersion
relations should coincide. Therefore, despite the existing massless pole, we conclude that only the
degree of freedom corresponding to the denominator R +m2 is physical. Thus, we only have to
check the residues for the pole m21 corresponding just to this denominator.
1. ba spacelike
Adopting the same choice for ba we have used before (b
a = (0, 0, t)), the residue in the pole m21
will give us the matrix
R = (1 + βt2)


ρm2
1
(m2
1
−p2)
− 1 ρm1p1−imp2
(m2
1
−p2)
m1p2m
2+ip1m(m21−p
2)
(m2
1
−p2)2
ρm1p1+imp2
(m2
1
−p2)
1 +
ρp2
1
(m2
1
−p2)
p1p2m
2+im1m(m21−p
2)
(m2
1
−p2)2
m1p2m
2−ip1m(m21−p
2)
(m2
1
−p2)2
p1p2m
2−im1m(m21−p
2)
(m2
1
−p2)2
m2(m2
1
−p2
1
)
(m2
1
−p2)2

 , (64)
where
ρ = 1− αt2 p
2
2
(m21 − p2)
, (65)
with eigenvalues
λ1 = 0, (66)
λ2 = 0, (67)
λ3 = (1 + βt
2)
(
1 +
m2(m21 + p
2
2) + p
2
1(2m˜
2 −m2)
(m21 − p2)2
)
. (68)
In the equation above, we have
m˜2 = (1 + βt2)m2 − β
2t4
(1 + βt2)
p22. (69)
Again, we confirm that in a situation with a tiny Lorentz symmetry-breaking the MCS-like model
respects, at tree level, unitarity and causality.
2. ba timelike
We repeat here the choice for ba used in the analysis of the self-dual model, for which the residue
in the pole m′21 of the propagator will yield only one non-zero eigenvalue, given by
λ3 = 1 +
m2(m′21 + p
2)
(m′21 − p2)2
. (70)
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We, thus, observe that the self-dual and the Maxwell-Chern-Simons models are physically equiv-
alent. Besides, both models are stable and causal for the small Lorentz-symmetry violation, that
is, in all concordant frames [30].
We note that there is a way to estimate the Lorentz-breaking parameters in the theory. Actually,
in our theory the key parameter is βbabb = cab. For small values of β and ba, one has α =
β
1−βb2
≃ β
and, thus, one has αbabb ≃ cab. To find the value of cab, one can follow the way proposed in [30],
finally arriving at that |cab| ≃ mMP , where m is the mass in our theories andMP is the Planck mass.
V. CONCLUDING REMARKS
We studied CPT-even extended versions of the 3D self-dual (SD) and Maxwell-Chern-Simons
(MCS) models which violate Lorentz symmetry. This violation is accomplished by the addition
of a Lorentz-breaking mass term to the self-dual model. The corresponding MCS-like Lagrangian
density was obtained by means of the gauge embedding procedure. The duality was confirmed
through the study of the two equations of motion, both in free and coupled cases, since it was
found a mapping between the two vector fields fa and Aa, together with a mapping between the
currents. The dualized model involves a Thirring-like current-current interaction and a magnetic
coupling, as in [7].
In the sequel, we have shown that there exists a master action which generates the two models. A
further investigation was carried out to check the equivalence of the two spectra. The massive poles
for both theories are shown to coincide and to respect the requirements for unitarity and causality
at tree level for controlled Lorentz-symmetry violation. Although the MCS-like model includes new
poles, these new massless excitations have been shown to be restricted to non-dynamical sectors
of the propagator.
Also, we note that within the dual mapping, the CPT-even extension of the SD theory is mapped
to the CPT-even extension of the MCS theory, while, as it was showed in [2], the CPT-odd extension
of the SD theory is mapped into the CPT-odd extension of the MCS theory. This situation differs
from the four-dimensional case [16] where the CPT-odd CFJ term is mapped into the CPT-even
aether term. However, this difference seems to be essentially related with the dimensionality of the
spacetime. To close the paper, we suppose that more sophisticated Lorentz-breaking extensions of
duality are also possible.
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VI. APPENDIX
The Lorentz algebra of the wave operators used in the calculation of the propagators is shown
in Table 1:
θ ω S Λ Σ ΣT A AT B BT
θ θ 0 S Λ− λ

ΣT Σ− λω 0 A AT − λ

BT B 0
ω 0 ω 0 λ

ΣT λω ΣT 0 λ

BT 0 BT
S S 0 −θ A B 0 −Λ+ λΣT C  (λω − Σ) 0
Λ Λ− λ

Σ λ

Σ −AT b2Λ b2Σ λΛ 0 b2AT 0 λAT
Σ 0 Σ 0 λΛ λΣ Λ 0 λAT 0 AT
ΣT ΣT − λω λω −BT b2ΣT b2ω λΣT 0 b2BT 0 λBT
A A− λ

B λ

B −C b2A b2B λA 0 b2C 0 λC
AT AT 0 Λ− λΣ 0 0 0 (b2− λ2)Λ 0 (b2− λ2)Σ 0
B 0 B 0 λA λB A 0 λC 0 C
BT BT 0 
(
ΣT − λω) 0 0 0 (b2− λ2)ΣT 0 (b2− λ2)ω 0
Table 1: Multiplicative table fulfilled by θ, ω, S, Λ, Σ, ΣT , A, AT , B and BT . The products are
supposed to obey the order “row times column”.
In the table above, we have
Cab =
(
b2− λ2) θab − λ2ωab −Λab + λ (Σab +Σba) . (71)
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